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The interaction of a coherent light field with two adjacent two-sided cavities, each containing a semicon-
ductor quantum dot which is charged by a single excess electron, is studied within S-matrix theory. Dissipation
in the nonresonantly driven dots and intercavity losses are treated phenomenologically. Light transmission is
studied as a function of the initial state of the quantum dots (QDs), light polarization, dissipative losses, as well
as dissimilarities between the two QD cavities. The transmission spectrum consists of a superposition of
resonances from the individual cavities and Fabry-Pérot-like resonances associated with the double cavity.
Faraday rotation and phase shifts caused by the nonresonantly driven trion transition allow nondestructive
distinction between parallel “up,” “down,” and antiparallel spin orientation for the two excess electrons for
identical cavities. With increasing asymmetry between the two cavities, the transmission spectrum reveals more
and more the initial spin orientation of the individual electrons. Selection of the center frequency and duration
of the incident laser pulse allows us to reveal preferentially either the relative spin orientation, needed as
prerequisite for entanglement generation, or the orientation of individual spins. A quantitative estimate of the
effects on the transmitted light arising from various physical sources of dissimilarities, as well as the effect

from remote transitions, is given for typical system parameters.

DOI: 10.1103/PhysRevB.77.035310

I. INTRODUCTION

Cavity and quantum dot (QD) quantum electrodynamics
has been studied with increasing interest over the past
decade.!? Refined spectroscopic methods, which allow the
study of individual QDs, have been used to study the elec-
tronic structure of neutral and charged QDs. The ground state
of a quantum dot which is charged by a single electron pro-
vides an approximate two-level system. Its excited state in
form of a charged exciton X~ (trion) has received special
attention.> Spin-flip rates and decoherence mechanisms, as
well as the fine-structure splitting of charged excitonic states
in QDs have been explored in preparation for applications of
QD systems in quantum information processing.®~!#

When a QD or quantum well is put inside of a microcav-
ity, the interaction strength between charge carriers and the
cavity modes can be tuned when compared to the interaction
with freely propagating light of the same frequency.!> QD-
filled cavities share a lot of similarities with cavities tra-
versed by atomic beams but there are important differences.’
QDs are usually held fixed relative to the mirror position.
Their properties can be tailored by structuring and chemical
composition but, at the same time, unwanted structural varia-
tions may occur. Their electronic degrees of freedom couple
rather strongly to each other and to a background of lattice
ions. This makes many-body effects important and decoher-
ence times for charge-related degrees of freedom short, when
compared to atoms. Spin-related phenomena, on the other
hand, have considerably longer decoherence times due to the
generally rather weak spin-orbit interaction and coupling to
nuclear spins. Nevertheless, there are a lot of similarities. For
example, the (heavy-hole) exciton provides an approximate
representation of a two-level system.'®!” This has made the
spin degree of freedom in QDs of interest to realizations of
qubits and for implementation of quantum information
protocols. 14 18-20
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Recently, double-cavity systems have been proposed for
entanglement generation at a distance.?’:?> Some important
ground work has been accomplished by demonstration of
reliable single electron spin-state preparation and state-
dependent Faraday rotation for a single QD in
experiment.’>?3 The basic idea is that a coherent light beam
which is slightly detuned from an atomic or QD transition
suffers a phase shift which depends on the initial state of the
electronic system without significantly perturbing it, i.e.,
without real absorption. Consider, for example, a three-level
A system where, for some reason, the top level |e) interacts
electromagnetically with state |1), but not with the ground
state |O>.21 Hence, the phase shift of a nonresonant transmit-
ted beam is sensitive to the population of state |0) and |1), in
principle, allowing a quantum nondemolition measurement.
Consider now a situation where such a nonresonant light
beam interacts consecutively with two such identically pre-
pared QD cavities. If one measures a phase shift for the
transmitted light corresponding to one and only one QD in
the electromagnetically active state |1), then lack of informa-
tion regarding as to which of the two QDs was in state |1)
has provided an entangled state between the physically re-
mote QDs by this outcome of the measurement.

There are several potential problems with this scheme
when applied to real QDs: Light may scatter or be absorbed
on its way from the first to the second QD. Light, although
nonresonant, may be absorbed by a QD which subsequently
returns into its ground state by emitting a photon which re-
veals its initial state. Reflected light may be observed. Dis-
sipative processes in the QDs modify the phase shift and
may cause a decay of the initial state in which it was pre-
pared, as well as the entangled state, once prepared. Unlike
two atoms of the same species, two QDs are never perfectly
alike. This leads to an asymmetry which tends to destroy
entanglement because it makes possible, in principle, the
identification of the QD which was responsible for the ob-
served single-dot phase shift. Finally, phase is a continuous
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variable. This leads to an uncertainty, as to whether the phase
measurement really produces entanglement.

State-dependent phase shifts can be achieved by exploit-
ing Pauli blocking and selection rules for optical excitation
of electron-hole pairs in direct-gap semiconductors.’*?*
Consider a self-assembled III-V semiconductor QD with a
single excess electron in the conduction-band ground state.
In case that its spin is up, predominantly circularly polarized
light of angular momentum /,=+1 [positive helicity (+) cor-
responding to left circular polarization] interacts with the
system, while circularly polarized light of angular momen-
tum /.=—1 [negative helicity (—) corresponding to right cir-
cular polarization] cannot due to angular momentum conser-
vation and Pauli blocking when the initial state is a
(predominantly) heavy-hole state of angular momentum
|3/2,+3/2).22 Hence, circularly polarized light tuned below
the trion transition suffers a phase shift depending on its
helicity and the initial spin orientation of the excess electron.

An essential part of the game is to identify the phase shift
arising from antiparallel spins, as compared to one arising
from a parallel spin configuration, without revealing the
identity of the spin, which caused it. In this paper we study
how sensitively the transmitted light depends on the initial
state in which the two remote excess electrons were prepared
and to what extent information contained in the polarization
dependence of the coherently transmitted light can reveal
differences in the properties of the two quantum dot cavities.
Of particular interest is to what extent an observed single-dot
phase shift can reveal which of the two cavities was respon-
sible for it. Technically, we study the transmission properties
of a double quantum-dot-cavity system within time-
independent scattering theory for a coherent nonresonant la-
ser beam through a double quantum-dot-cavity system in a
trion state. We use the elements of the single-cavity S matrix
to compute the S matrix of the double cavity, i.e., reflection
and transmission amplitudes. In particular, we address the
effects of dissipation within the QDs and absorptive losses
between the cavities leading to nonunitarity of the S matrix.
Moreover, we use the polarization dependence of the S ma-
trix elements to analyze the effects which arise from dissimi-
larities between the two cavities. The present study is limited
to time scales (<0.1 ns) at which unwanted spin-flip pro-
cesses are negligible. Rather than studying a specific quan-
tum dot cavity in detail, we use typical material parameters
to estimate their effects upon the transmission amplitude.
The paper is organized as follows. In Sec. II we introduce the
model, outline the S-matrix approach, and give analytic re-
sults for single and double-cavity systems. In Sec. III we
present numerical results and study properties of the trans-
mitted light which reveal information about the double-
cavity system. Summary and conclusions are given in Sec.
Iv.

II. MODEL
A. S-matrix approach

We consider a system consisting of two microcavities,
each containing an InGaAs/GaAs self-assembled single QD,
as illustrated schematically in Fig. 1 which also illustrates
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FIG. 1. (Color online) Schematic representation of the double-
cavity system. b,[((i) (with k=L, R, [=in, out, and i=1,2) denote the
reservoir modes. {(a;) denotes the eigenmode of cavity i=1,2, indi-
cated by the red dashed line. 'y](:) entering Eq. (1) characterize the
transparency of the cavity mirrors. « indicates the possibility of
losses in the center reservoir. The dots with one excess electron are
indicated by blue circles.

the notation used for the scattering states below. Each of the
cavities contains a QD which is filled with one excess elec-
tron and, in the simplest case, shall be modeled as a four-
level system to account for the lowest (trion) states: the de-
generate ground state with the electron in the lowest
conduction-band level with spin up or down, characterized
by angular momentum |1/2,+1/2), and two excited states
with J=+3/2, |+3/2), for which the lowest conduction-band
level is filled by two electrons of antiparallel spin and there
is a single hole associated with a bulk |[3/2,+3/2) state. In
the literature this state is termed the X~ trion ground state.
The transition between these two states will be called the
trion transition. Effects from remote transitions are included
also, as shall be discussed below. The cavity eigenmode is
redshifted relative to the trion transition and is driven reso-
nantly by external coherent laser light.

Since information on the initial state of the system may be
obtained by analysis of single photon properties of the emit-
ted light, we compute the photon S matrix of this system. Its
computation requires that one solves the coupled-light matter
system in parallel. While the QD electrons couple to the
cavity modes, the latter in turn couple to the light modes
outside of the cavity via transparent mirrors, as sketched in
Fig. 1. All three bath modes, b;, by, and b, are assumed to
have a spectrum which may be treated as continuous on an
energy scale defined by the linewidth of the cavity eigen-
modes. This condition, when applied to the central photon
bath b, sets a lower limit to the distance between the two
cavities. Following earlier work we employ the input-output
formalism to describe the coupling between cavity modes
and the three photon baths which are modeled as indepen-
dent harmonic oscillators which couple linearly to the re-
spective cavity modes, as sketched in Fig. 1.22¢ Details of
the Hamiltonian and a discussion of the derivation of the
kinetic equations for the externally driven double-cavity
eigenmode operators a; for cavity j=1 and 2 are given in the
Appendix. Using the notation of Gardiner and Collett, they
may be written as?

() 4 A —_— =
YLt YR a;- \,sz(/) _ \’Wb;?(l) (1)

o
aJ':l-_h[aj’Hi]_ 5

and equivalently
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(j)

1 Y, 'y(/ - . 7 outli

dy= Ly )+ T T = ) - e
(2)
Here b:’m and bzuf(/‘)’ respectively, denote the photon field

operators for incident (in) and outgoing (out) modes for cav-
ity j=1,2 and “mirror” k=L,R. H; is the Hamiltonian for the
isolated cavity resonator j, including the QD. In this formu-
lation, the propagation of the light field is reduced to a tem-
poral phenomenon, rather than a space- and time-dependent
problem. The latter is restored when the photon field opera-
tors are put into the vector potential where the spatial shape
of the modes, for example, plain waves, enters.

H;=hoa; aj+2 ¢(/)T¢(/ +H(D )

denotes the Hamiltonian of cavity j. Next to the free Hamil-
tonian for the cavity mode a; it contains the free Hamiltonian
of the dot, treated as an effective N-level system with single-
particle operators lﬂg). Note that these states are quasiparticle
states of different numbers of constituent particles, whereby
it is assumed that the energy levels €;, are known. Denoting
the QD states for the constituent electrons e, and for holes
h,,, respectively, the ground state is a single-particle state le;
of spin state +|1/2) and the first excited state (across the
main energy gap) is a three-particle state 2e;1h; of spin
|+3/2).
The coupling between dot and light field a;

H(D—U)

P = 3 M) gy ifa; + Hee.

o

M E’: E denotes the dipole matrix element for a transition

between pairs of trion levels a and B in QD j. Note that they
are polarization dependent. For example, levels |1/2) and
[3/2) are coupled by J=+1 photons and levels |~1/2) and
|-3/2) are coupled by J=—-1 photons. The corresponding di-
pole matrix elements shall be termed M . Angular momen-
tum nonconserving transitions between these four levels
have an oscillator strength which is about 4 orders of mag-
nitude smaller and are neglected.

The isolated (I) cavity mode including the QD evolves as

. - . i NE (v (G
aj|l= z[aj’Hj] =—lwid;— Ez M%Q,ﬁ)‘ﬂ(gmlﬁg)- (3)
af

Cavity mode and QD couple to each other via the inter-
level polarization. In lowest order, frequency shifts enter ad-
ditively for each trion transition a-f3. Since the |1/2)—[3/2)
transition drives the +1 polarization and the |-1/2)—|-
transition drives the —1 polarization contribution of aj, treat-
ing J=+1 and J=-1 photon modes separately leads to two
effective driven electronic two-level systems per QD. In or-
der to determine ¢g)+(t) wg)(t) entering Eq. (3), the time evo-
lution of the latter must be computed in parallel to the kinetic
equations for the light fields. The kinetic equations for the
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driven QDs are evaluated in lowest order in the dot-light-
field coupling, which is rather weak, and by treating the cav-
ity mode classically, i.e., by considering the laser light in a
coherent state. Higher-order terms in the dot-light-field cou-
pling, such as spontaneous emission, as well as other decay
channels are treated phenomenologically within a Markov
approximation and constant decay rates. This gives the ki-
netic equation of the QDs a Lindblad form.?’

For all types of dissipators in the Lindblad equation which
will be considered below, the effect of the polarization term
in Eq. (3) is to make the cavity frequency complex, i.e. It
leads to frequency-dependent renormalization and additional
damping of the cavity field. Hence, it is convenient to solve
the cavity mode equations via Fourier (or Laplace) transfor-
mation. As shown in the Appendix, elimination of the cavity
mode from Egs. (1) and (2) leads to a relation between input
and output light field contributions and allows computation
of the S-matrix elements for the individual and double quan-
tum dot cavities.

Using the standard definition of the S matrix via
=8lj.in) 4)
for in channels it takes the
form
r(w) f(w)
S(w) = ( (5)
t(w) ry(w)

containing transmission and reflection amplitudes r; and
t(1=1,2).

Note that photon number conservation at a particular mir-
ror k=L, R of cavity i requires>->

Vay== b 4 b, (6)
These relations help in the elimination of the cavity mode
when establishing Eq. (4) for the present case, relating the
output signal to a given input signal.

Due to the neglect of spin-flip processes and forbidden
optical transitions, the S matrix is diagonal in the circular
left- and right-polarization bases. In this photon basis each
trion acts, apart from remote transitions, like a two-level sys-
tem and does not mix circular left- and right- polarization
contributions. This becomes useful when treating the influ-
ence of the QDs entering via the electron polarization in Eq.
(3) since only one pair of trion states couples to a specific
circular polarization. Hence, it is most convenient to evaluate
the S matrix for the two circular polarization states indepen-
dently. For the single quantum dot cavity i and given circular
polarization one obtains

R A
0)(¢) = 1 Alo) 2 e
sh@=| R o Nl =R
) == T )= =
Ni(w) Nilw)
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(), 0
where V() =i(@;—w)+ e ;yk and @; denotes the effective
(complex) cavity frequency renormalized by the presence of
the QD. In general, it depends on frequency w, polarization,
and intensity of the cavity mode. Unitarity of the S matrix is
readily shown for real @;. Note also that we have adopted the
notation of Ref. 25 rather than Ref. 26, which differ in the
definition of the in-amplitude by a factor minus 1, leading to
a relative minus sign between all corresponding S-matrix el-
ements.

From reflection and transmission amplitudes of the single
quantum dot cavity one obtains reflection and transmission
amplitudes of the double quantum dot cavity by summing
over all possible pathways arising from multiple reflections

between the two inner mirrors, using biL"(l)(t)zxob;”’(z)(t

1) () (@) k(@) ()

ri(w)=r"(w) +

S(w) = t(ll)(w) Kt(lz)(w)

1- K(w)zr(zl)(w) r(lz)(a))

H(w) =

1- K(w)zr(zl)(w)r(lz)(w)
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—lrop) and bm(z)(t) K, b“”l(])(t Lorop)- Lprop denotes the time
of flight between the two inside mirrors. Figure 1 sketches
the situation. Light transmitted through the left cavity will
suffer multiple reflections between the two inner mirrors ac-
cording to the respective reflection amplitudes. Furthermore,
photon loss between these two mirrors can be accounted for
by a phenomenological transfer probability 0<«,<1 be-
tween the two inner mirrors, leading to a simple intercavity
filter function (w)=«k,expliot,,,,}. A clean treatment of
dispersive media has been offered in the literature and could,
in principle, be implemented into this approach but goes be-
yond the scope of the present study.?

From this “sequential scattering” approach one obtains for
the double quantum dot cavity

£2(w) k(0)i(w)
1- K(a))zrgl)(w)r(lz)(w)
1(0) k()3 (w) k()P ()

1- K(w)zr(zl)(w) r(lz)(w)

Hhw) =
)

ra(w) = () +

Note that by working with probability amplitudes quantum coherence between the two cavities is accounted for. This
intuitive picture of multiple quantum pathways is easily generalized to multiple one- and two-sided cavity systems. In the
Appendix we show that this result may also be obtained by treating the double quantum dot cavity as a single “scatterer.” One

obtains for the S matrix
S(w)
V(@) = YN, (@) + k() (N(w) -

V(Lz))(YL +'Y;<1) Ni(w))

Ni(@)Ny(0) = k(@) (N (o) - yﬁg))(/\/z(w) -7

N.(w)Nz(w)—K(w)2(N1(w) 7”)(/\6(@ %)

Insertion of the single-cavity S-matrix elements (7) into Eq.
(8) shows that both approaches yield identical results. For
K,=1 and real effective cavity frequencies w; the § matrices
(7) and (9) are unitary. For the latter this can be shown, for
example, by starting from expression (8), multiplying S(w)
by «(w), and combining each element S(i)(w) with a factor
x(w). Observing that multiplication by K(w) expliot,,,,}
preserves unitary, unitary of Eq. (8) follows from unitarity of
the single-cavity S matrices.

The self-consistent mode occupancy in the cavities fol-
lows from Eq. (6) and the definition of reflection and trans-
mission amplitudes

a(w) = m([rl(w—l]b'"(“+r2(w)b;;"<2>) (10)
and

i(w) = W([rz(w) — 1P+ n(b"). (1)

v, 7<1>y<z>y<z>

Ni(@)Ns(@) = k()X (N () = Y ) (Na(w) = ¥?)
(Na(@) = YN (@) + k(@) V(@) = Y )P + 1) = No(w))

Ni(@)Na(@) = k() (N (@) = 7 YNa(w) = )

©9)

For the derivation of the results above we have assumed a
specific helicity of the photon. For experiments using other
input fields, such as linearly polarized light, transmission and
reflection amplitudes are easily found from the contributions
for helicities + and —. Considering light propagation along
the z axis, the relations between x and y components of the
field to the circularly polarized components + and —

1
E,=%(E,~iE,), E_=—5(Ex+iEy) (12)
V

L -
E=3%(E,+E), E,= VE(E+—E_) (13)

readily give the S matrix in the x/y basis for direction index
j=1,2

(o) = 2@ =3 @) + @), (14)

() = - 17(w) =

5 (w) - ;7 (), (15)
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P (@) = () = L0 () + 77 (), (16)

P () == (o) = 5(7(0) - 17 (). (17)

The pair of superscripts denotes polarization at exit and in-
cidence, in this order. Inclusion of the polarization degree of
freedom amounts to replacing scalar reflection and transmis-
sion amplitudes in Eq. (5) by 2 X2 matrices. Writing the S
matrix in the x/y basis, for example, in Eq. (5) one makes
the substitution

o i
i Py ) fi Py e
i n i b

l

for i=1,2. All the elements follow from Eq. (8), for specific
+ polarization, and relations (14) and (17). Unitarity in the S
matrix (for empty cavities or filled cavities in absence of
dissipation) leads to relations, such as

P+ AP+ AP+ 18P =1,

stating that incident x-polarized light can reemerge, reflected,
or transmitted, as x- or y-polarized light. These 2 X2 blocks
are diagonal in the +/— polarization basis for the present
system when trion spin-flip processes are neglected due to
conservation of angular momentum and each trion transition
couples to photons of one helicity only.

B. Quantum dot dynamics

Using the helicity basis for the cavity modes and treating
only transitions which conserve angular momentum, the
driven quantum dot may be treated as a system of indepen-
dent two-level systems. We consider three cases of QD dy-
namics to provide the polarization term which drives the
cavity modes in Eq. (3): a fully coherent dynamics within the
rotating-wave approximation, a pure dephasing (polarization
decay) model based on the rotating-wave approximation so-
lution, and a population and/or polarization decay model
based on a Lindblad dissipator and Markovian elimination of
the relative population. In all three cases, the kinetic equation

ihQ),
(@M
ih().

J

U(t,0) = exp{ é(eﬁ - Gj_)} [

A ]
cos(Qn) + = sin(th)] exp{— %t}

sin(th)exp{ %t} {cos(ﬂjt) - A sin(th)] exp{ l?wt}
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for the electron density matrix equation can be written in
Lindblad form?’

1.

where

Hy=S eyl + B
[e3

is the Hamiltonian for QD j=1,2, accounting for unitary
evolution, and the dissipator is of the familiar form

Clpp=S Lol 1LY p)
)

with L(/i) denoting the Lindblad operators. For an N-level
system, there are N? distinct Lindblad operators. They may
be chosen as LM=\J"7M|1'M)(/'”, with i,,j,=1,....N. It is
worth recalling the action of such an operator. For i,=j, it
provides pure dephasing (polarization decay) for every off-
diagonal density matrix element p; ; containigg the index i
with a rate 7,/2. Lindblad operators L,=\7,[i,){j,|. with
i,,# Ju» lead to population decay for state j, and population
increase for state i, at rate y,. Any off-diagonal element of p
containing the index j,, decays at rate y,/2. These relations
result from positivity conservation and have important con-
sequences on coherence (entanglement) decay between two
subsystems, even if there is no (further) direct interaction
between them.

Since spin-flip processes, as well as angular-momentum-—
nonconserving transitions are neglected, the dynamics of the
four-level trion system splits into two two-level systems
when the cavity mode has given helicity +/— 1. We shall
assume driving of the cavities by coherent light of frequency
o and replace the photon operators by their expectation val-
ues (;S(j)(w):(aj(w)}. We consider moderate intensities such
that detuning dominates the Rabi frequency. Thus only clas-
sical (“coherent”) contributions in the electron-photon inter-
action are included in the Hamiltonian. However, spontane-
ous emission may be treated phenomenologically via
Lindblad terms.

(i) Coherent dynamics. The simplest approach treats the
dynamics in the QD without dissipation, i.e., £{p;}=0, and
the coupling to the light field within the rotating-wave ap-
proximation. For constant cavity field amplitude and fre-
quency w the effective two-level system evolves unitarily
under the propagator

(¢IMY) . iw
i, sin({);t)exp) - 2t
(19)

i
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Here €;, and €;_ denote upper and lower trion states in QD j
(within a doublet which couples to light of given helicity),
respectively. The expectatlon value of cavity mode j is writ-
ten as ¢V (1)=<a; ()>=¢ ) gior,

70 202 2 A2
Q=M U] + A7

denotes the Rabi frequency for detuning 2A; between the
trion transition and the cavity eigenmode. M(/ denotes the
dipole matrix element for the transition within the doublet.
Considering only initial states which are superposition states
between spin-up and spin-down (ground) states in a given
QD j, the time evolution of the electron polarization entering
Eq. (3) for circular polarization of the cavity mode ¢ (r)

=(a)(0)= e s
Pl = iy

— b (OM (J sm29t
)

ZhQ 2(1 cos 2Q);1) |.

2h29
and the population of the upper trion state is

| Y) ¢(i)|2
(h9))?

Hence the polarization response to driving with an electric
field with frequency w contains frequency components w, as
well as contributions of frequency w=2();. These frequency
side bands are related to population oscillations. Considering
low intensities of the cavity modes and modest detuning (ex-
ceeding the linewidth of the transition), population oscilla-
tions may be neglected and the Rabi frequency is dominated
by detuning. In this limit 72{);~A; and
9 ~ a1) p SR 28T =1

pY) = (YY) = sin® Qt. (20)

this corresponds to neglecting the rapidly oscillation term
exp{-2iA;t} against the —1 in the numerator. Furthermore,

L
mo <1 suppresses population of the excited trion states

and, herewith, spontaneous emission which reveals the initial
state (up or down) of the individual QD. In summary, the
polarization dependent frequency renormalization within this
simple model leads to

ML,
28°Q7

(i) Pure dephasing model (polarization decay). The case
of weak dephasing is treated by inclusion of a Lindblad dis-
sipator of the form (omitting the cavity index)

—
L0= AY

where |+) denotes the trion state consisting of one heavy
hole and an electron pair in the lowest conduction-band level
(e}). y0/2 is the +/— polarization decay rate. The Lindblad
equation for p&’i is solved in lowest order by inserting the
coherent evolution for the populations, Eq. (20), and subse-
quent time integration. Again, neglecting frequency side-
bands from population oscillations one obtains a revised
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complex effective cavity frequency from the pair of trion
states which couples to the photons of specified helicity

_ MYPPA; 1
Wj=wWi—= " 30 (
7 Q) Yo

(iii) Strong damping limit. Finally we shall consider popu-
lation and polarization decay from the trion state |+) into the
corresponding ground state |—) and vice versa using

—
Lo=\y [+ )-|.

Following the standard procedure of first solving for the po-
larization within the Markov approximation for the integral
containing the population term and subsequent insertion of
this result into the kinetic equations for the populations, one
obtains a closed expression for the polarization.®® Allowing
transients which contain information about the initial popu-
lation to decay, one is left with polarization contributions
proportional to ¢Y(z)

—
L,=V 7+|_ )

(V- 7+ ) iM{ ¢ (1)
@rY + 'yJr + 'y_)) (€, — €_—hw)+ hyg)/2

p(1) =

with intensity dependent

MY %
b o))+ (e

and 'y(’) = y(’)+ 'y@, whereby the equal sign holds when there

are no additional pure dephasing contributions.
The populations are in dynamic equilibrium. In particular,

Y=

- €_— fiw)?

0 4 0

0~V
20 4 0 4 0

p__=

The effective cavity frequency now is

wj:

wj
MPP (- 795 1
Ao (@rV +7+ + Y )( —ej_—ﬁw)—iﬁyg)/Z.

Within all three models the frequency shift depends on the
occupancy of the cavity modes (10) and (11) and hence has
to be computed self-consistently: the dot-induced frequency
shift enters transmission and reflection amplitudes, which in
turn influence the occupancy of the cavity mode. In the nu-
merical examples below, where we are after Faraday rotation
(quantum nondemolition measurement of the initial state of
the double QD), detuning between resonator mode and trion
transition dominates over mode population in the Rabi fre-
quency by at least 2 orders of magnitude and hence this
nonlinear effect is small.

C. Effects from remote transitions

A (dissipative) two-level system is a rather simple model
for a nonresonantly driven GaAs/InAs quantum dot. Equa-
tion (3) shows that every optically active transition, in prin-
ciple, contributes to the renormalization of the frequency of
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the cavity mode. Since the latter generally is chosen to be
redshifted with respect to all transitions across the main en-
ergy gap of both QDs, they all lead to contributions of the
same sign, whenever selection rules allow them. Details of
the electronic properties of a QD strongly depend on its com-
positional and structural details. Therefore, we will account
for remote transitions only in qualitative fashion to estimate
their importance. The general formalism outlined here can
readily be combined with a detailed electronic structure cal-
culation which provides electronic transition energies and di-
pole matrix elements for a specific QD as input.

The contribution of a remote transition decreases in-
versely with detuning. Clearly a trade-off is called for. On
one hand, the dominant phase shift contribution must arise
from one (or more) transitions which is (are) sensitive to the
spin orientation of the excess electron. This favors a small
red detuning of the cavity mode relative to the main X~ tran-
sition. On the other hand, sufficient detuning should be main-
tained to suppress absorption when the spin state of an indi-
vidual electron should not be revealed by subsequent
spontaneous emission.

The transition from the second (heavy-) hole level to the
lowest electron level usually has a very small dipole matrix
element and thus is not important.3! While the top heavy-
hole level(s) are dominated by the bulk |3/2,+3/2) heavy-
hole states due to strain in the QD, higher excited hole states
may be dominated by the bulk |3/2,+1/2) light hole, or
even bulk |1/2, +1/2) split-off-hole states.’?> For both of the
latter, Pauli blocking and momentum conservation lead to
phase shifts for the transition into the lowest electron level
for a circularly polarized light when the transitions from the
|3/2,+3/2) heavy-hole state do not. Hence, if heavy-hole
and light-hole transitions led to the same amount of a fre-
quency shift, the spin state of the two excess electrons could
not be determined. Three things help: light-hole associated
levels will have typically 10—15 meV more detuning, their
number will be small compared to heavy-hole associated lev-
els, and the dipole matrix element for circularly polarized
light between the cation |s) state and the [3/2,+1/2) anion
bulk light-hole state is a factor of 1/\3 smaller than the one
between cation |s) state and the |3/2, +3/2) heavy-hole an-
ion bulk state. In order to assess the effect from light-hole
associated states we shall include a light-hole transition to
the lowest electron conduction-band level in the numerical
study below.

The lowest excited trion levels involving excited
conduction-band states have been studied in detail both theo-
retically and experimentally.>®8-10 In the absence of a mag-
netic field, they consist of Kramers-degenerate pairs of states
grouped in a triplet of angular-momentum states |+5/2),
|+3/2), and |+1/2), corresponding to parallel alignment of
the electron spins, and a higher-lying singlet of states |+3/2)
corresponding to antiparallel electron spins. Triplet and sin-
glet are separated due to electron-electron exchange by typi-
cally 1-10 meV. Furthermore, the triplet is split via
electron-hole exchange by typically 2 meV in CdSe/ZnSe
QDs and <1 meV in InAs/GaAs QDS.>%3-10 The triplet-
singlet splitting (and to a lesser degree the triplet splitting)
and optical selection rules lead to a spin-orientation sensitiv-
ity for circularly polarized light. For example, if originally
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the excess electron has spin up, the final state, after absorp-
tion of a photon of positive helicity, must be |+3/2), i.e., a
singlet or a triplet state (each at half coupling strength), or
|-1/2), i.e., a triplet state (at full coupling strength), for
negative helicity of the photon. Essentially, the spin orienta-
tion of the excess electron defines a preferred direction lead-
ing to a polarization sensitive renormalization of the cavity
mode without the need for Pauli blocking. Since the addi-
tional detuning of a heavy-hole associated level to these ex-
cited electronic states is on the order of 40 meV, this effect
will be small.

III. NUMERICAL ANALYSIS

Here we shall assume that the initial state of the two ex-
cess electrons (spin up or down) is known and evaluate prop-
erties of transmitted light by computation of the transmission
amplitude t’ij(w) for left incidence. This section consists of
several parts. First we study the transmission spectrum of
light as a function of polarization and initial trion-dot state
for two identical QDs. The role of dissipation within and in
between cavities, as well as remote transition effects, are
analyzed. In the second part we discuss the effect of indi-
vidual deviations from perfect identity between the two reso-
nators, such as eigenmode detuning, differences in mirror,
and QD properties, ending with a “worst case scenario” situ-
ation, in which several of these effects conspire to reveal the
identity of the QD which has contributed to an observed
phase shift and/or conceal the initial state of the two excess
electrons altogether. By inspection of the transmission spec-
trum we shall identify laser pulse properties which optimize
distinguishability between parallel and antiparallel spin con-
figurations without revealing individual spin orientation.
This is demonstrated by a time-dependent analysis of the
pulse propagation.

The main material parameters which are the basis for this
numerical study are listed in Table I. They are more or less of
the order of magnitude which are -characteristic for
GaAs/InAs QD cavities which are currently under
investigation.???3 Rather than specifying the intensity of the
(left-)incident light beam, we specify the maximum electric
field [for ri(w)=0] in the left cavity. The chosen value is
such that, for the chosen detuning, upper state populations
still remains small (but noticeable). Any lower (more realis-
tic) field strength would lead to practlcally identical results
for t’/ (w). The matrix element M(’ for the trion transition
was estimated from the dipole matrix element between bulk
|s) and |p) states and the relation between the energy con-
tained in a classical electric field in the form of a sinusoidal
standing wave and the one expressed in terms of cavity pho-
tons, using a dot radius of DY=15 nm. Its value may be
slightly larger (factor of 2-3) than what seems to have been
achieved experimentally to date. The same value was used
for remote transitions corrected of course, according to se-
lection rules. The decay rate 'yJr of the trion ground state €
was cautiously chosen somewhat high for InAs/GaAs QDs.
y(_’) was set equal to zero. Also given in Table I is the energy
chosen for a remote transition involving the first excited
tripled state of the trion. The one for the transition involving
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TABLE I. Quantum dot (QD) cavity parameters: cavity mode frequency w, cavity transm1ss1on rates

y(L') and yR , electric field amplitude E( Vin cavity 1, trion ground state energy €D =

(i)

e(_’; n=E, el damplng rates

(@)

327

Y, s 7’0 , QD diameter D), energy of the remote transition involving the excited trion triplet state €., and

associated damping rates 7( and y

Cavity i ho® V) fi)) (meV) Y (mev)  E) (Vim) DY (nm) M, (meV)
1.295 0.07 0.07 1x107 15 0.51

2 1.294 0.077 0.077 15 0.49

QD ef) (eV) hyf) (meV) hyg) (meV) eii) (eV) (') (meV) (1) o (meV)

1 1.300 0.05 0.05 1.340 0.2 0.2

2 1.301 0.05 0.05 1.340 0.2 0.2

the singlet is chosen to be 1.345 eV. The light propagation
time between the two inner mirrors is chosen to be 50 ps for
the present discussion.

Figures 2 and 3, respectively, show the magnitude and
phase shift of the calculated transmission amplitude 77" (w)
for a symmetric double dot cavity system versus frequency
as a function of initial population of the trion states spin up
and down for incident light of positive helicity. Both cavities
are identical, modeled with the parameters of cavity 1 and
QD 1 in Table I. In this calculation the Markovian population
decay model has been used. Remote band effects contain a
transition between a light-hole associated trion transition de-
tuned from resonance by 15 meV and a heavy-hole transition
into the first excited electron levels consisting of a triplet and
singlet, as discussed above. It can be seen in Fig. 2 that the
interplay between the two cavities (solid and dashed lines)
leads to an intricate Fabry-Pérot-like transmission spectrum
superimposed upon the single-cavity resonance (dotted line).
Depending on the initial spin pair state, the resonance fre-
quency of the double cavity is lowered relative to its
“empty” value (dashed curve) due to the redshifted detuning
of the cavity mode relative to the trion transition. For a

1

++

Transmission Amplitude It1 | (arb. units)

0.5

down-down
+ — - down-up
— — - up-down
+ = up-up

| I |
1.2949 1.295
Photon Energy (eV)

FIG. 2. (Color online) Absolute value of the transmission am-
plitude for left-circular polarized incident light as a function of
photon energy and spin orientation for the double- and single-cavity
systems. Solid and (dot-)dashed lines are for the double-cavity sys-
tem. The dotted line is for the empty single left cavity.

single (empty) cavity it can be seen that the linewidth is
larger by a factor of 2 and the resonance lacks the fine struc-
ture imposed by interference between the two cavities. A
single cavity (dotted line for the single empty cavity) shows
a single peak for given spin orientation, with a Stark shift
dependent upon spin orientation. For the filled double cavity
there are three transmission spectra corresponding to both
spins up, both spins down, and one spin up-one spin down
(antiparallel spin orientation). Since both cavities are per-
fectly identical, the results for the latter case are indistin-
guishable. It can be seen that neither are phase shifts from
the individual cavities perfectly additive, nor do the maxima
occur at exactly the same photon energy due to the spin-
orientation dependence of the frequency renormalization
(Stark shift). It should be pointed out that for antiparallel
spins the two cavities are slightly off resonance to one an-
other. This causes enhanced multiple reflections of light be-
tween the cavities and the buildup of new resonances leading
to a transmission spectrum which differs from the one for
parallel spin orientation not only in energy position (Stark
shift) but also in shape: When the spins in both cavities are
parallel the now truly identical cavities are at resonance with
one another. Then the two transmission amplitudes are fre-
quency shifted and distorted nonlinearly relative to each
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FIG. 3. (Color online) Phase shift (relative to the empty double
cavity) for left-circular polarized incident light as a function of
photon energy and spin orientation. The orange solid line shows the
pulse with of a 0.2 ns Gaussian pulse for reference.
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other near the main resonance peak. Figures 2 and 3 identify
optimal driving frequencies and pulse duration for the inci-
dent laser field which optimize transparency and distinguish-
ability of parallel and antiparallel spin directions.

The light-hole transition, with selection rules “opposite”
to those for heavy-hole trion transitions, which was included
into the model is responsible for the nonzero relative phase
shift for the “down-down” spin configuration in Fig. 3 (solid
line). Figure 2 shows that, comparing the peak position of
the solid line versus that of the dotted line, for the present
detuning of 5 meV the frequency renormalization due to re-
mote transitions is small. It is about equal for the light-hole
transition and the combined effect from the triplet and/or
singlet associated transition of X~. The spin-orientation de-
pendence from the latter is found to be insignificant and
cannot be resolved on the scale of Figs. 2 and 3.

Due to the relatively large detuning (compared to line-
width and light intensity) dissipation (decoherence) within
the QDs plays a minor role and the maximum transmission
probability still lies around 97% for up-down and around
94% for up-up initial configuration, which can hardly be re-
solved in Fig. 2. Virtually identical results are obtained
within the pure dephasing model indication that polarization
decay is mainly responsible for the slight reduction in trans-
mittivity. Moreover, the phase shifts (relative to empty cavi-
ties) obtained are practically identical for all three models for
the dot dynamics presented above. Generally, the pure
dephasing model and the population decay model, although
quite different in spirit, give identical results for moderate to
large detuning. For small to zero detuning, however, where
significant population of the upper trion level occurs, the
three models for the QD dynamics differ significantly, as has
to be expected. Off resonance, the dominant linewidth con-
tribution is due to mirror properties.

A similar picture unfolds for the reflection amplitude
r**(w) (not shown here) which has dips and suffers a phase
shift at frequency-shifted resonances, dependent upon rela-
tive spin orientation. 7; (w) and f;*(w), as well as r; (w) and
ri*(w) show perfect symmetry with respect to simultaneous
spin flips.

A very useful quantity to study differences in spin-pair
configuration and structural properties of the two cavities is
7" (w) which gives the probability amplitude for left-incident
linear x-polarized light to emerge at the other end as linear
y-polarized light (Faraday rotation), as evident from Eq.
(15). For identical cavities it is zero for antiparallel spins due
to Kramers degeneracy (time-reversal symmetry in the ab-
sence of a magnetic field), and nonzero for parallel spins, the
latter, however, only if there is spin sensitivity. The real part
of "(w) (quadrature) for the two identical cavities is shown
in Fig. 4. While the quadrature is zero for antiparallel spins
one observes a multipeak structure for parallel spin orienta-
tion. The latter corresponds to the peaks for parallel spin
orientation in Fig. 2. Note that, regardless of the action of
remote transitions and their selection rules, #*(w)=0 for an-
tiparallel spins, as long as the two cavities are identical. Re-
mote transitions with selection rules opposite to those of the
primary heavy-hole trion transition merely reduce signal
strength and the problem becomes rather how to interpret a
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FIG. 4. (Color online) Real part of the transmission amplitude
#}* for x-polarized incident light as a function of photon energy and
spin orientation for the double- and single-cavity systems. Solid,
dashed, and dot-dashed lines are for the double-cavity system; dot-
ted lines are for the single cavity.

small value for a measured phase shift. For reference in Fig.
4 we also give the spectral shape of a Gaussian laser field of
central photon energy 1.295 eV and a duration of 0.2 ns. It
can be seen that careful choice of the former allows optimi-
zation of the signal-to-noise ratio in the quadrature measure-
ment which will be utilized below to offset adverse effects
from nonidentical scatterers.

Even though the two cavities may be perfectly identical,
light scattered along its way between the two cavities may
reveal whether a phase shift occurred already in the first
cavity or not. Scattering in the region between cavities be-
comes the dominant loss mechanism when the qubit separa-
tion is increased.?! Moreover, when the two qubits are not
identical, for example, when the spins are antiparallel to each
other and/or due to unwanted structural imperfections, mul-
tiple reflections between the cavities are needed to establish
the resonances of the double-cavity system. In this case, even
a small scattering probability for a single run may lead to
essential losses in the transmitted signal, as well as a loss in
the change of the phase angle. To illustrate this point we
consider a double-cavity system as above; however, the
eigenfrequency of the left (empty) cavity is 1.294 meV in-
stead of 1.295 meV. The absorption amplitude is «7=0.99.
Magnitude and phase shift of the calculated transmission sig-
nal 7{(w) are given, respectively, in Figs. 5 and 6. Figure 5
also shows the transmission amplitudes for the left and right
(empty) cavities (dotted lines). A significant reduction in the
transmitted signal, as well for the phase shift, is apparent in
the region between the single-cavity resonances. In the ab-
sence of losses the transmission amplitude should reach
“one” near the center between the single-cavity resonances.
Closer inspection of Figs. 5 and 6 shows that the up-down
and down-up signals are no longer identical: the spin up-
down configuration further detunes the two cavities and dis-
sipative effects are enhanced, while the spin down-up con-
figuration reduces detuning over the one for parallel spins.
The global features of the real part of #*(w) are shown in
Fig. 7. Close inspection of the resonances reveals an anti-
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FIG. 5. (Color online) Absolute value of the transmission am-
plitude for left-circular polarized incident light as a function of
photon energy and spin orientation in the double- and single-cavity
systems. Detuning of the left cavity relative to the right cavity is
-1 meV and k=0.99. Narrow resonances in the center [solid
(down-down), dashed (down-up), dot-dashed (up-down), and
double-dot-dashed (up-up) lines] are for the double-cavity system;
and wide resonances (dotted lines) are for the single cavities.

symmetry with respect to simultaneous spin flips, as well as
the fact that the y component of the transmitted light is no
longer zero for antiparallel spins, especially, near the single-
cavity resonances. However, for the resonances near the cen-
ter between the single-cavity resonances (around 1.2945 eV)
have small signal for antiparallel spin orientation. The am-
plitude for parallel spin is reduced to about 25% of the one
for the case for identical cavities, Fig. 4. In principle, #*(w)
allows distinction between the two antiparallel configura-
tions once the structural properties of the cavity are known.
This distinguishability is optimized for laser center frequen-
cies close to the single-cavity resonances, while center fre-
quencies placed on one of the peaks about halfway between
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FIG. 6. (Color online) Phase shift (relative to empty cavities) for
left-circular polarized incident light as a function of photon energy
and spin orientation in the quantum dots. Detuning (left cavity) is
—1 meV and «,=0.99, as for Fig. 5.
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FIG. 7. (Color online) Real part of the transmission amplitude
#}* for x-polarized incident light as a function of photon energy and
spin orientation in double- and single-cavity systems. Detuning is
—1 meV and k;=0.99, as for Fig. 5.

the single-cavity resonances optimizes distinguishability be-
tween parallel and antiparallel spin orientations, while mask-
ing the individual spin orientation. Figures 5 and 6 should
give the global features near the cavity resonances. Below
we shall zoom in to explore and utilize spectral details.

We now consider the effects from differences in structural
properties of the two cavities individually: mirror reflectivi-
ties ['y(Ll): yg)=0.077 meV, 7?:7}2):0.077 meV, absorp-
tion between the cavities k=0.98 (without detuning), a trion
transition energy in the left cavity of 1.301 eV, a maximum
light field in the left cavity of 103 V/m, and the right QD
shifted by 5% of the cavity wavelength away from maximum
intensity (corresponding to Mf):O.49 meV instead of Mil)
=0.51 meV]. Results for the real part of £*(w) for down-up
spin orientation are shown in Fig. 8.

For the variations chosen here, effects from « are of or-
der 107 and cannot be resolved on the scale used in Fig. 8.
The effect for Ey=10% V/m 1072 is of order 10~ and marks
the onset of intensity dependence (nonlinearities) via the
Rabi frequency, absorption, and excitation into the trion
ground state. The remaining effects studied can be seen to be
of the order of <10~!. For example, a variation of the main
trion transition by 1 meV, which is quite realistic, and a
nominal detuning of about 5 meV lead to a significant effect.
Clearly, the smaller the detuning from the trion transition is
chosen, the more seriously small variations between cavity
properties will be revealed. On the other hand, large detuning
will bring remote effects into play.

Finally, we consider a worst case scenario in which dif-
ferent effects conspire to allow identification of the up-down
initial state against the down-up state or the spin orientation
altogether, when only a small (unfavorably chosen) energy
window is inspected. We consider a double cavity in which
the right cavity has the structural parameters of system 1 in
Table I, and the left dot has the parameters of system 2.
Again we use the real part of ;*(w) to characterize the
double-cavity system and show numerical results in Fig. 9.
Mapping out a sufficiently wide energy region around the
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FIG. 8. (Color online) Real part of the transmission amplitude
" for down-up spin orientation and x-polarized incident light as a
function of photon energy in the double-cavity system. We consider
individual deviations from the parameters of cavity and QD “1” in
Table I which are listed under cavity and QD “2”: x=0.98,
Yi=7k=0077 meV,  ¥%=%=0077 meV,  €"”=1301 meV,
Ey=10% V/m, and M,=0.98 meV. Effects from «, and E, cannot
be resolved on this scale.

systems resonances, particularly near the position of single-
cavity resonances, allows identification of single spin orien-
tations (see Fig. 7). However, based on the lesson learned
from detuned cavities above we zoom in and select among
the central resonance peaks the one with optimal distinguish-
ability between relative spin orientations. Shown in the fig-
ure is also the spectral line shape of a 0.2 ns Gaussian pulse
(dotted line). We observe that the maximal signal is about 0.1
for parallel spins and 0.02 for antiparallel spins. Unlike for
sole cavity detuning and intercavity losses there is a clear
asymmetry across the resonance. In particular, the zero for
antiparallel spins no longer coincides with the maximum
(minimum) for parallel spins. However, this is not too prob-
lematic since even relatively long pulses average over the
resonance. Hence to minimize distinction between the up-
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FIG. 9. (Color online) Real part of the transmission amplitude
)" for x-polarized incident light as a function of photon energy and
spin orientation in the asymmetric double-cavity system. Structural
parameters are given in Table I and the main text.
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FIG. 10. (Color online) [(a) and (c)] Real part of the transmis-
sion amplitude #}* for x-polarized incident light as a function time
and spin orientation in the asymmetric double-cavity system, re-
spectively, for pulse center frequencies of 1.294474 and
1.295 000 eV. [(b) and (c)] Phase shift (relative to empty cavities)
for left-circular polarized incident light of pulse center frequencies
1.294 474 and 1.295 000 eV, respectively. In both cases the incident
Gaussian pulse has a duration of 0.2 ns. Note the different time
scale for rows 1 and 2. Solid black lines for down-down, dashed red
lines for down-up, dash-dotted green lines for up-down, and dash-
double-dotted blue lines for up-up spin orientation, respectively.
Structural parameters are given in Table I and the main text.

down and down-up configurations while obtaining a good
signal one would have to probe the system by sufficiently
long pulses with central photon energy near the zero of
*(w), at 1.294 474 meV in the present example. Note that
for this strategy to succeed one needs to have accurate con-
trol of the center frequency and very low intercavity losses.

In order to test this strategy we consider an incident 0.2 ns
Gaussian laser pulse of center frequency 1.294 474 meV and
study the time evolution of quadrature Re{#*(s)} and phase
shift for the transmitted signal versus spin orientation in
Figs. 10(a) and 10(b). The time of arrival of the peak of the
incident pulse is set equal to zero. The temporal evolution of
the envelope of Re{r}*(r)} shows that, due to the two non-
resonant scatterers which build up the resonance which we
selected, light partially gets trapped between the cavities and
emerges in an oscillatory fashion on the right with consider-
able time delay. Transmittivity is quite low at a few 107%;
however, the transmitted signal for antiparallel spin is clearly
suppressed compared to parallel spin polarization. Moreover,
due to the prolonged stay of the pulse within the double-
cavity system the effective coupling between light and quan-
tum dot is enhanced and leads to a phase shift which is larger
than for identical cavities since it grows linearly in time. In
principle, observation of the slope of the phase shift could be
used to reveal spin flips induced, for example, by the inter-
action with nuclear spins.

For comparison, Figs. 10(c) and 10(d), respectively,
shows quadrature Re{r}*(7)} and phase shift for a 0.2 ns pulse
of center frequency 1.295 000 eV. In this case the transmis-
sion is sensitive to the spin orientation of the right dot, while
the spin orientation on the left dot (with the 1.294 eV empty
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cavity eigenmode) is largely concealed. Moreover, the pulse
quickly passes through the double-cavity system leading to a
simple pulse shape and comparatively small phase shifts.

The pulse shape of the transmitted light reflects the spec-
tral regime of the incident pulse: pulses which drive reso-
nances associated predominantly with a single-cavity pass
through the double cavity relatively quickly on a time scale
tyrop- Pulses which drive Fabry-Pérot--like resonances may
spend a considerably longer time within the double cavity.
Increasing 1,,,,, i.e., increasing the distance between the two
cavities, relative to the pulse duration decreases the separa-
tion of Fabry-Pérot resonances and, hence, the ability to
drive them individually. Therewith, spin sensitivity is lost,
since for adjacent resonances the sign of the quadrature for
given parallel spin orientation oscillates. Moreover, increas-
ing the distance of separation will increase photon loss.

IV. SUMMARY AND CONCLUSIONS

In summary we have presented a self-consistent scattering
approach for the interaction between a coherent light beam
and a double-cavity system. Each cavity contains a single
quantum dot which, in turn, is charged by a single excess
electron. Expressions for the frequency-dependent S matrix
have been derived for circular and linear light polarizations.
The dynamics of the nonresonantly driven trion transitions
has been accounted for three cases of dissipation within the
dot: no dissipation, pure dephasing, and population decay.
Spin-flip processes have been ignored which implies that the
present work has relevance only for time scales below intrin-
sic spin-flip times (typically =1 ns). In view of its relevance
to entanglement formation at a distance, we have used these
results for a numerical analysis of the influence of structural
properties of the cavity system on the transmitted light. In
particular, the effects from dissipation and asymmetries in
the double-cavity system on the polarization dependent
transmission coefficients have been investigated.

Dissipative effects within the QD have been found to be
of minor importance as long as detuning of the cavity mode
dominates over (i) the linewidth broadening due to effects,
such as spontaneous emission and charge fluctuations, and
(ii) over light intensity in the Rabi frequency.

Phase shift and polarization dependence of the transmis-
sion amplitude have been found to be a sensitive means to
determine the initial spin-pair state of the two excess elec-
trons, but also for dissimilarities in the two cavities. The
transmission spectrum of the double cavity can be inter-
preted as a hybridization of the resonances of the individual
cavities and Fabry-Pérot resonances established between the
two cavities. It has been shown that different frequency re-
gimes give complementary information about relative and
individual spin orientation. This can be used to select and
optimize input pulses for specific tasks.

A severe degradation of the transmitted signal has been
found when detuning of the cavity modes conspires with just
small dissipative losses of light between the two cavities.
This can be understood by interpreting the double-cavity
resonances as arising from multiple reflections at the two
inner mirrors as in a Fabry-Pérot interferometer. Further-

PHYSICAL REVIEW B 77, 035310 (2008)

more, with decreasing detuning from the trion transition
variations in QD and cavity, including the coupling between
cavity mode and QD, gain in importance.

Remote transitions involving empty electron Kramers
doublets have a measurable contribution to total phase shifts;
however, it is basically independent from the initial spin ori-
entation of the excess electrons. Due to the large detuning of
remote transitions to the cavity mode any fine-structure split-
ting of remote levels of the order of a few meV does not lead
to significant effects. Light-hole level associated trion transi-
tions display spin sensitivity which is opposite to that of
heavy-hole associated transitions. While they add spin-
orientation dependence to the output, and thus modify rela-
tive phase shifts for the various spin orientations, as well as
the quadratures for parallel spins, they directly do not seri-
ously hurt entanglement generation into an antiparallel spin
Bell state by measurement “*=0,” as long as cavities are
identical. For dissimilar cavities, inspection of the quadrature
of the transmission coefficient " allows the identification of
the optimal pulse duration and central frequency for the input
pulse, such that measurement #*=0 implies, after proper ini-
tial state preparation of the electron spins, projection upon a
Bell state. These parameters have to be determined from
measurement and/or a calculation involving the details of the
particular double cavity at hand.

The present study has concentrated on the transmission
properties of a two-sided double-cavity system. In fact,
equivalent information is contained in the reflection coeffi-
cients. This has to be considered when attempting entangle-
ment generation at a distance. For this reason, one-sided
cavities may be advantageous for this task, as has been dis-
cussed elsewhere.3* The present approach is readily extended
to a more detailed inclusion of the QD electronic structure,
applied magnetic fields, other cavity types, as well as larger
cavity arrays.?
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APPENDIX: INPUT-OUTPUT APPROACH FOR A
DOUBLE-CAVITY SYSTEM

The Hamiltonian of the double-cavity system sketched in
Fig. 1 is written as

H= Y, (H;+H,_p)+Hp.
=12
H; are the Hamiltonians for the two quantum dot (QD) cavi-
ties i=1,2. The bath Hamiltonian

Hp= E H;
k=L,C,R
consists of the contribution from the region to the left (L), to
the right (R), and from the central region between the two
cavities (C). They have a continuous spectrum and are of the
generic form?>26
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+00
Hk:f dwﬁwbz(w)bk(w).

—00

The interaction contributions H;_p=X.H,_; are of the form
+0o0
H_,=- iﬁj dwk;_[a]b(w) - b} (w)a;].

Note that an explicit spectral density has been omitted and
the lower integration boundary has been set to —. 220 A
physical justification for the latter has been given in the lit-
erature. The spectral density can be absorbed into the defini-
tion of the bath operators b, and bZ and, eventually, in the
effective coupling constants between bath and cavity mode
yg') as shown in Fig. 1.

The resulting equations of motion for the photon modes
are

BL(w) =—iwb (o) + k_(w)a,,

+0o0
ay=—ilhla;,H,]- f dox;_(0)b ()

—J dwk_c(w)b(w),

—oo

b(w) = - iwb(w) + k|_c(w)a, + ky_c(w)a,,

+00
ay =~ ilh[ay, H,] - J dor,_c(0)b(w)

- J dwr,_g(w)bg(w),

—00

br(w) = — iwbg(w) + Ky_g(w)a,,

where we have set b-(w)=b(w) and will, from now on, omit
the index C for the central region bath modes, for simplicity
of notation.

Feeding the formal solutions (retarded or advanced) for
the bath modes into the equations for a; and making the
assumption that the bath-cavity-mode couplings are fre-
quency independent over the frequency regime in the vicin-
ity of the cavity resonances, one obtains

(1) o (D)

—i Yot Ve j ;
‘11=z[alvH1] -, ¢ 1—\’W - \Wbm
V)
T, @ (A1)

and
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2) 4 A2

- Y Vi in in
=7 Lo ] - %a ~ bR =
(1) ,(2)
\!
& zn a. (A2)

T(k}? effective coupling constants are yL —271'5;'L(a))f<(w)1 %

—2711{,'(@);(((0)1 o —27Tgc(w);<(w)2 o and g
—27TgR(w)K(w)2_R, where we have indicated how to accom-
modate the density of states g;(w) (set equal to one in the
definition of the bath Hamiltonians above) in these defini-
tions. These two equations have been obtained with the re-
tarded solutions for the photon bath fields. The bath in fields
are defined as (gy(w)=1)

400
by (t,tg) = —— dwe 70pY ()

for some time #y<<t in the distant past when the incident
photon wave packet has not yet interacted with the cavities
in the spirit of time-dependent scattering theory.’® Using the
advanced solutions an equivalent set of differential equations
may be found,

: O
-1 0
a = ﬁ[al,H1]+YL > 1= VY, (1 M=y (1 out

L WY

2 ay (AS)

and

v + 753 :

2

2)b0ut \’W out

y
= —lasHy]+ —\y?

. Ve

, A4
D) a ( )

which contain the bath out fields

o0

dwe™p (o)

-0

1
b(nn) = ——
V2

for some time 7, >t in the distant future when the photon
wave packet has ceased to interact with the cavities. Fre-
quency integration of retarded and advanced integral solu-
tions for the bath modes yields the relations

b~ b =\yay, (A5)
b = bt =\yPa,, (A6)

and
b — " = 'y(l)al + 'y(L) (A7)

Note that the central bath modes are fed by both cavities. In
turn, inspection of Egs. (A1) and (A3) shows that the cavity
field a, is driven by b;, b, and a,. Similarly, the cavity field
a, is driven by bg, b, and a,. Comparison of Eqs. (A1)—(A4)
with those for single double-sided cavities Egs. (1) and (2)
leads to the following identification of the in and out fields
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associated with the inside mirrors 1R and 2L:

2

b ="+ —L-a, (A8)

and

R )
bzl(2) = bm +

a, (A9)

as well as

2
vy

bout bout _ a, (A 1 O)

and
VD

bout(Z) pout _ VYR

5 - aj. (All)

We may now rewrite Eqs. (A1)—(A4) in the fields and note
that

i)y oD = pin@) 4 pow) _ pin 4 pout —(A12)
as well as

pou) _ pin(l) _ N,Wal (A13)
and

pour® _ pin2) _ WWLz . (A14)

Equations (A5), (A6), (A13), and (A14) express photon
number conservation at the respective mirror: an incident
photon can either be transferred into the cavity or be re-
flected. This interpretation is easily verified (omitting unnec-
essary indices) by considering the change of cavity photon
number a'a by a single mirror (interface). For a nonabsorb-
ing linear interface and using retarded and/or advanced solu-
tions one obtains, using Egs. (A1)—-(A4),

d — — .
;t (aTa)|inter face =~ v 7b0”ﬁa + ,yaTb”’l, (A15)

d - -
E (aTa)|imer face = NV "a - ’yaTb()m7
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- (afa)|inter face =~ ’ya+a + V’/_Y(aTbin + binTa) > (A16)

dt

or, equivalently,

d -
E (aTa)|imer face = YWTG - \’/'_)’(aTbum + bum'a) .

They express the conversion between cavity mode a and in
and out channel states. The requirement of equivalence of
these four expressions leads to relations of the form (A13)
and (A14) once proper in and out channel states have been
identified. In particular, Eqs. (A8)—(Al1) define the proper
channel states for the central photon bath.

Photon number conservation in the central bath region
imposes the conditions bm(1 (w)= bom(z)(w)exp{zwtpmp} and

B (@) =B (@expliotye,

}. In this paper, we use
bip"(w) = k(w)b]" () (A17)

and

bi"(z)(w) = K(w)bm(l)(w) (A18)

with the simple filter function k(w)=xgexp iwt,,,, 0=
=<1, to account for the time delay 7,,,, and absorptive losses
in the central bath between the two cavities. A clean treat-
ment of dissipative losses between the cavities may be
achieved by treating this region as a quantized dispersive
medium.?

The Fourier transformed kinetic equations for the driven
cavity fields are

ay(@IN (@) ==YV (@) = YPbEV(w) (A19)
and
az(w)/\/g(w) \’% ’”(2)(w) \/ m(2)( )
(A20)

using the definitions of N;(w) as used in Eq. (7).

Elimination of the cavity modes, as well as the modes b in
the central bath region gives b”"’m(w) in terms of b’"(z)(w)
and b’"<1)(w) as well as b”’”(l)(w) in terms of b’”(1 (w) and
b’"(z)(w) leading to the § matrix given in Eq. (9) and,
equivalently, Eq. (8).
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